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Solutions of the equation of a spinorial
Yamabe-type problem on manifolds of bounded
geometry
Nadine Große
Abstract
We consider a spinorial Yamabe-type problem on open manifolds of
bounded geometry. The aim is to study the existence of solutions to the as-
sociated Euler-Lagrange-equation. We show that under suitable assump-
tions such a solution exists. As an application, we prove that existence of
a solution implies the conformal Hijazi inequality for the underlying spin
manifold.
1 Introduction
Let (M, g, σ) be an n-dimensional connected Riemannian spin manifold with
corresponding classical Dirac operator D = Dg. The spin structure σ is sup-
posed to be fixed.
The Dirac operator has a similar behaviour under conformal transformations as
the conformal Laplacian, that is used to analyze the Yamabe invariant, see e.g.
[13]. Thus, in the spirit of the Yamabe invariant, a conformal invariant of the
Dirac operator, called λ+min was examined in [1, 2]. In [11] we generalized these
considerations to open manifolds.
Many of the properties of the Yamabe invariants could be proven for λ+min as
well, e.g. the value for the standard sphere is the highest possible one, cf. The-
orem 6. But other questions are still open, e.g. whether there exists closed spin
manifolds, not conformally diffeomorphic to the standard sphere (with the same
dimension) but with the λ+min-invariant of this standard sphere.
The methods that can be used are sometimes similar to the ones of the Yamabe
invariant, but since we work with spinors there is e.g. no maximum principle.
Firstly, a definition of λ+min is given by:
Definition 1.
λ+min(M, g, σ) = inf
{
‖Dφ‖2qcrit
(Dφ, φ)
∣∣∣ φ ∈ C∞c (M,S), (Dφ, φ) > 0
}
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with qcrit =
2n
n+1 and C
∞
c (M,S) denotes the set of compactly supported smooth
spinors.
For g = f2g (f ∈ C∞>0(M)) and φ = f
−n−12 φ (using the identification of spinor
bundles w.r.t. conformal metrics [12, Sect. 4.1]) we have
∫
M
〈Dgφ, φ〉dvolg =∫
M
〈Dgφ, φ〉dvolg and
∫
M
|Dgφ|
qcritdvolg =
∫
M
|Dgφ|
qcritdvolg. Thus, λ
+
min is
actually a conformal invariant.
If it is clear from the context to which metric we refer, we will shortly write
λ+min(M).
The corresponding Euler-Lagrange-equation is
Dφ = λ+min|φ|
pcrit−2φ with ‖φ‖pcrit = 1, (1)
where pcrit =
2n
n−1 , [1, Lem. 2.7]. On closed manifolds, the existence of a so-
lution of (1) was shown in [1, Thm. 1.6.] for λ+min(M) < λ
+
min(S
n) using the
compactness of the subcritical Sobolev embeddings.
On open manifolds, such Sobolev embeddings do not exist in general or if they
exist, they aren’t always compact.
The aim of this paper is to prove the existence of a solution under suitable as-
sumptions. The idea is to adapt techniques we used in [10] to prove the existence
of a solution of the Yamabe equation to the spinorial case. We will use weighted
Sobolev spaces, where compactness holds for manifolds of bounded geometry,
i.e. manifolds where the injectivity radius is positive and the curvature and its
derivatives of all orders are bounded. The weighted Sobolev embeddings for the
spaces of spinors can be found in Appendix A.
Theorem 2. Let (Mn, g, σ) be an open connected Riemannian spin manifold of
bounded geometry satisfying λ+min(M) > λ
+
min(M). Moreover, we assume that
there is an L[qcrit,qcrit+ǫ]-lower bound for an ǫ > 0. Then there exists a spinor
φ ∈ Hqcrit1 ∩ L
pcrit smooth outside its zero set and with Dφ = λ+min|φ|
pcrit−2φ
and ‖φ‖pcrit = 1. Moreover, φ is locally in C
1,α.
Here, λ+min denotes an invariant of the manifold at infinity, see Def. 7.
Definition 3. We say that there is an Lq-lower bound, if there exists a constant
cq > 0 such that
‖φ‖q ≤ c‖Dφ‖q
for all φ ∈ Hq1 ∩ imLq (D) where imLq (D) denotes the image of D : L
q → Lq.
Moreover, if there is an Lq˜-lower bound for all q˜ ∈ [q, q′], we say that there is
an L[q,q
′]-lower bound.
Remark 4. Note that although we call it a lower bound we allow Lq-harmonic
spinors.
We will prove Theorem 2 in Section 3 by considering corresponding weighted
subcritical problems. There, the Lq-lower bounds will ensure the positivity of
λq, see Lemma 11.
Question. It would be nice to see whether having an Lq-lower bound implies
an L[q,q+ǫ]-lower bound. Or whether invertibility of the Dirac operator acting
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on Lq and imLqD, respectively, is an open property in q?
One knows e.g. that the Lp-spectrum of the standard Laplacian is independent
of p if the Ricci curvature is bounded from below and the volume has subexpo-
nential growth (cf. [16] or [6]). Maybe one can hope for a similar result for the
Dirac operator.
The assumption on the λ+min-invariant at infinity can be dropped when consid-
ering homogeneous manifolds of positive scalar curvature, see Theorem 16.
As an application we show in Section 4 that existence of a solution of the Euler-
Lagrange equation implies the conformal Hijazi inequality, an inequality that
compares λ+min with the Yamabe invariant Q, cf. Section 4:
Theorem 5. Let (Mn, g, σ) be an open connected Riemannian spin manifold
of bounded geometry with an L[qcrit,qcrit+ǫ]-lower bound for an ǫ > 0. Moreover,
either let λ+min(M) > λ
+
min(M) or let M be homogeneous with positive scalar
curvature (cf. Theorem 16). Then,
λ+min(M, g, σ)
2 ≥
n
4(n− 1)
Q(M, g).
The outline of the paper is as follows: First we collect in Section 2 some proper-
ties of λ+min. In Section 3 we will prove the Theorem 2 introducing corresponding
weighted subcritical problems. In the last section we show that the existence of
a solution of the Euler-Lagrange equation of λ+min ensures that the conformal
Hijazi inequality holds for the underlying manifold.
The weighted Sobolev embeddings needed in Section 3 are explained in the
Appendix.
2 Preliminaries on λ+min
We shortly collect known properties of λ+min:
Theorem 6. [11, 9] Let Ω1 ⊂ Ω2 be open subsets of (M, g, σ) equipped with
the induced metric and spin structure. Then,
λ+min(M) ≤ λ
+
min(Ω2) ≤ λ
+
min(Ω1) ≤ λ
+
min(S
n) =
n
2
ω
1
n
n ,
where Sn is the standard sphere with volume ωn.
We will further need the notion of the Yamabe invariant at infinity. With the
help of this invariant one can ensure convergence of a minimizing sequence in
the critical problem.
Definition 7. [11, Def. 1.3] Let M be open, connected and complete. Fix
z ∈ M . Denote by BR ⊂ M the ball around z with radius R w.r.t. the metric
g. Then,
λ+min(M, g, σ) := lim
R→∞
λ+min(M \BR, g, σ).
Existence of the limit follows from Theorem 6. Moreover, the definition is
independent of the choice of z and we have λ+min(M) ≥ λ
+
min(M).
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3 The weighted subcritical problem
In this section, we will prove Theorem 2.
Strategy. The method itself is similar to the one we used for the Yamabe
equation [10] but the proofs of the steps themselves have to be adapted to the
λ+min-invariant involving the Dirac operator.
The main idea is again to consider a weighted subcritical problem, see Definition
8.
Firstly, in Lemma 13 we prove the existence of a solution to the weighted sub-
critical problem, see Def. 8 for α > 0 and q > qcrit. Then, convergence is
obtained in a two-step process: In Lemma 14, a solution of the weighted critical
problem (α > 0, q = qcrit) is obtained. After that, we obtain in Lemma 15 a
solution to the (unweighted) critical problem (α = 0, q = qcrit).
We fix a point z ∈M . Let ρ ∈ C∞(M) be a radial (w.r.t. z ∈M) and admissible
weight, cf. Def. A.1, such that |ρ| ≤ 1, ρ(x) → 0 as r = dist(x, z) → ∞. We
choose ρ ∼ e−r, see Rem. 23.ii.
Definition 8. Let
λαq = λ
α
q (M, g, σ) := inf
{
‖ρ−αDφ‖2q
(Dφ, φ)
∣∣∣ φ ∈ C∞c (M,S), (Dφ, φ) > 0
}
where α ≥ 0 and q ∈ [qcrit =
2n
n+1 , 2). Moreover, λq := λ
α=0
q .
Note that λ+min := λ
α=0
qcrit
.
Remark 9.
i) If we decompose C∞c (M,S) ∋ φ = φi + φk such that φk ∈ kerLq D and
φi ∈ imLqD, we obtain
‖ρ−αDφ‖2q
(Dφ, φ)
=
‖ρ−αDφi‖
2
q
(Dφi, φ)
=
‖ρ−αDφi‖
2
q
(φi, Dφ)
=
‖ρ−αDφi‖
2
q
(φi, Dφi)
.
Thus, for complete manifolds we can also take the infimum over all spinors
φ ∈ imLqD ∩ ρ
αLp ∩ ρ−αHq1 .
ii) The Euler-Lagrange equation reads
D(λαq φ− ρ
−αq|Dφ|q−2Dφ) = 0 with ‖ρ−αDφ‖q = 1.
As in [1, Lem. 2.7], we obtain a dual equation by setting ψ = ρ−αq|Dφ|q−2Dφ:
Dψ = λαq ρ
αp|ψ|p−2ψ with ‖ραψ‖p = 1.
iii) Instead of considering the above invariants, we could replace the denomina-
tor by the absolute value of the former expression, i.e. |(Dφ, φ)|, and allow all
φ with (Dφ, φ) 6= 0. For the corresponding invariant everything below works as
well. These invariants might be in general smaller than the corresponding λαq .
Lemma 10.
i) For α ≤ β, λαq ≤ λ
β
q . Moreover, limα→0 λ
α
q = λq.
ii) λαq ≥ lim sups→q λ
α
s
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Proof.
i) From 0 < ρ ≤ 1, we obtain ‖ρ−αDφ‖q ≤ ‖ρ
−βDφ‖q for α ≤ β. Since λ
α
q is
always non-negative, λαq ≤ λ
β
q and limα→0 λ
α
q ≥ λq. Since limα→0 ‖ρ
−αDφ‖q =
‖Dφ‖q, we obtain limα→0 λ
α
q = λq.
ii) Since ‖ρ−αDφ‖s → ‖ρ
−αDφ‖q for s→ q. We have λ
α
q ≥ lim sups→q λ
α
s .
Next, we show that under suitable assumptions we can ensure the positivity of
λs:
Lemma 11. Assume that the Sobolev embedding Hq1 →֒ ρ
αLp is continuous
where q and p are conjugate, 2 ≤ p ≤ pcrit =
2n
n−1 and α ≥ 0. Moreover, let
there be an Lq-lower bound. Then, λαq > 0. If there is an ǫ > 0 such that the
Sobolev embedding from above is continuous for all q ∈ [qcrit, qcrit+ ǫ] and there
is an L[qcrit,qcrit+ǫ]-lower bound, then lim supq→qcrit λq > 0.
Proof. Let φ ∈ imLqD ∩ ρ
−αH
q
1 . Then,
(Dφ, φ) ≤ ‖ραφ‖p‖ρ
−αDφ‖q
≤ Cα,q(‖φ‖q + ‖Dφ‖q)‖ρ
−αDφ‖q ≤ ˜Cα,q‖ρ
−αDφ‖2q
where the first inequality is the Ho¨lder inequality, the third one is given by the
Sobolev embedding and the last one is obtained from the Lq-lower bound and
|ρ| ≤ 1. With Remark 9.i, we obtain λαq > 0.
With the additional assumptions and since Cα,q depends continuously on q, we
obtain analogously the second claim setting α = 0.
Remark 12. In particular, Lemma 11 gives a simple proof of the fact that
on closed manifolds λ+min is always positive [2, Lem. 4.3.1(1)]. With Theorem
21 we have the continuity of the above embedding on manifolds of bounded
geometry. Thus, for manifolds of bounded geometry with an Lqcrit -lower bound
λ+min is always positive.
For a general manifold, λ+min can be zero, e.g. if a complete spin manifold
of finite volume has a positive element in the essential spectrum of its Dirac
operator [8, Lem. 3.3.iii].
We come now to the weighted subcritical problem.
Lemma 13. Let the weighted Sobolev embedding Hq1 →֒ ρ
αLp be compact for
α > 0, 2 ≤ p < pcrit =
2n
n−1 and let q be conjugate to p. Furthermore, we
assume that there is an Lq-lower bound. Then there exists a spinor φ ∈ Hq1 with
Dφ = λαq ρ
αp|φ|p−2φ and ‖ραφ‖p = 1. Moreover, φ is smooth outside its zero
set.
Proof. From Lemma 11, we obtain that λαq > 0. Let φi be a normalized min-
imizing sequence for λαq , i.e. ‖ρ
−αDφi‖q = 1 and (Dφi, φi) → (λ
α
q )
−1. Due
to Remark 9.i we can assume that φi ∈ ρ
−αH
q
1 ∩ imLqD ⊂ H
q
1 . Since |ρ| ≤ 1,
‖Dφi‖q ≤ 1. Due to the L
q-lower bound, φi is uniformly bounded in H
q
1 . Hence,
φi → φ weakly in H
q
1 and, with the compact Sobolev embedding, even strongly
in ραLp. Moreover, since Dφi is bounded in ρ
−αLq, ρ−αDφi converges weakly
5
in Lq to ρ−αDφ. Then, ‖ρ−αDφ‖q ≤ 1 and
|(Dφ, φ) − (Dφi,φi)| ≤ |(ρ
−αDφ− ρ−αDφi, ρ
αφ)|+ |(ρ−αDφi, ρ
αφ− ραφi)|
≤ |(ρ−αDφ− ρ−αDφi, ρ
αφ)|︸ ︷︷ ︸
→0 since Dφi
w−ρ−αLq
−−−−−−→Dφ
+ ‖ραφ− ραφi‖p︸ ︷︷ ︸
→0 since φi
s−ραLp
−−−−−→φ
‖ρ−αDφi‖q.︸ ︷︷ ︸
=1
Hence, (Dφ, φ) = (λαq )
−1 > 0 and we have
λαq ≤
‖ρ−αDφ‖2q
(Dφ, φ)
≤ lim
i→∞
‖ρ−αDφi‖
2
q
(Dφi, φi)
= λαq
which already implies that ‖ρ−αDφ‖q = 1. Thus, φ fulfills the Euler-Lagrange-
equation and due to Remark 9.ii we obtain a spinor ψ ∈ Hq1 with Dψ =
λαq ρ
αp|ψ|p−2ψ with ‖ραψ‖p = 1. Smoothness outside the zero set follows from
local elliptic regularity theory.
Now, we establish the first step of the convergence , we fix α and let p→ pcrit.
Lemma 14. Let φα,p ∈ H
q
1 be solutions of Dφα,p = λ
α
q ρ
αp|φα,p|
p−2φα,p with
‖ραφα,p‖p = 1, α > 0 is fixed, p ∈ [2, pcrit) and q conjugate to p. Furthermore,
let M have bounded geometry, λ+min(S
n) > λαqcrit(M) and let D have an L
q-
lower bound.
Then, φp := φα,p → φα in the C
1-topology on each compact subset as p→ pcrit
and
Dφα = λ
α
qcrit
ραpcrit |φα|
pcrit−2φα
and ‖ραφα‖pcrit = 1.
Proof. Note first that the parameters p and q are always coupled. Thus, if
q → qcrit, p→ pcrit.
From Lemma 33, we know that each |φp| has a maximum. Firstly, we show
by contradiction that mp := max |φp| is uniformly bounded. Thus, we assume
mp → ∞. Let xp ∈ M be a point where |φp| attains its maximum. Around
each xp, we introduce geodesic normal coordinates on a ball of radius ǫ that is
smaller than the injectivity radius inj(M), compare [10, Lem. 11]. We define
δp = m
2−p
p and rescale ψp(x) = m
−1
p φp(δpx). The spinor ψp is transported to a
spinor on a ball on Rn via the exponential map. For simplicity we just denote
the resulting spinor by ψp, too. The weight function in the new coordinates
will be denoted by ρp. Then, in the resulting rescaled geodesic coordinates the
Euler-Lagrange-equation reads
DR
n
ψp +
1
4
∑
ijk
Γ˜kijδi · δj · δk · ψp +
∑
ij
(bji − δ
j
i )δi · ∇δjψp = λ
α
q ρ
αp
p |ψp|
p−2ψp
where ψp is defined on a ball in R
n of radius ǫ
δp
and
b
j
i (x) = δ
j
i −
1
6
δ2pRiγβj(δpx)x
γxβ +O(δ2p|x|
2)→ δji
(2)
Γ˜kij(x) = ∂ib
k
j −
1
3
δp(Rikγj(δpx) +Riγkj(δpx))x
γ +O(δ2p|x|
2)→ 0
6
as δp → 0 (i.e. as p→ pcrit).
Here we used the local comparison of a Dirac operator with the one of the
standard Euclidean space [3, Sect. 3 and 4].
Since the Riemannian curvature and its derivatives are bounded, we have C1-
convergence of (2) on any compact subset of Rn. Thus, for any compact subset
K and an open set Ω with K ⊂ Ω ⊂ Rn we obtain with interior Schauder
and Lp-estimates (see [2, Sect. 3.1.5 and 3.2.2]) that ψp → ψ in C
1 on K.
Thus, we have a spinor ψ on Rn with DR
n
ψ = (limp→pcrit ρ
αpcrit
p λ
α
q )|ψ|
pcrit−2ψ.
Moreover, |ψ| ≤ 1 with |ψ(0)| = 1. As in the Yamabe problem, we prove that
‖ψ‖pcrit,gE ≤ 1: For p < pcrit we have∫
|x|<ǫδ−1p
|ψp|
pbp dvolgE =
∫
Bǫ(xp)
|φp|
pδ
2p
p−2−n
p dvolg
≤ C(ǫ)‖φp‖
p
H
q
1
≤ C˜(ǫ)‖Dφp‖
p
q = C˜(ǫ)(λ
α
q )
p
where bpdvolgE denotes the transported volume element with bp → 1 as p →
pcrit, we used the Sobolev embedding on Bǫ(xp) (its constant only depends on ǫ
since M is of bounded geometry) and we used the Lq-lower bound. Thus, with
Fatous Lemma we obtain ψ ∈ Lpcrit(gE).
Consider firstly the case that xp espape to infity as p → pcrit. Then ρp → 0
and, hence, DR
n
ψ = 0. Thus, we have an Lpcrit -harmonic spinor on Rn with
|ψ(0)| = 1 which is a contradiction. Thus, we can stick to the case that xp →
y ∈M . Then, for ǫ1 < ǫ∫
|x|<ǫ1δ
−1
p
|ψp|
pbp dvolgE ≤ max
Bǫ1 (xp)
ρ−αp
∫
Bǫ1 (xp)
ραp|φp|
pδ
2p
p−2−n
p dvolg
≤ δ
2p
p−2−n
p max
Bǫ1 (xp)
ρ−αp ≤ max
Bǫ1 (xp)
ρ−αp.
With Fatous Lemma we obtain ‖ψ‖pcrit,gE ≤ maxBǫ1 (y) ρ
−α. Since ǫ1 can be
chosen arbitrarily small we have ‖ψ‖pcrit,gE ≤ ρ
−α(y). Thus,
λ+min(S
n) = λ+min(R
n) ≤
‖DR
n
ψ‖2qcrit
(DRnψ, ψ)
= (λαqcritρ
αpcrit
(
2
qcrit
−1
)
(y)‖ψ‖
pcrit(
2
qcrit
−1)
pcrit ≤ λ
α
qcrit
which gives a contradiction. Thus, |φα| is bounded from above. Using again inte-
rior Schauder and Lp-estimates, we can then show that φα is uniformly bounded
in C1,α on each bounded subset and, hence, converges in C1 on every compact
subset K ⊂ M to a spinor φα. Thus, we have Dφα ≤ λ
α
qcrit
ραpcrit |φα|
pcrit−2φα
and ‖ραφα‖pcrit ≤ 1.
We still need to show that ‖ραφα‖pcrit = 1:
Assume that φα = 0. Fix R > 0 and let BR be the ball of radius R around the
fixed z ∈M (cf. Definition of ρ in Section 3) we obtain that∫
M\BR
|Dφp|
qdvolg ≤ max
M\BR
ραq‖ρ−αDφp‖
q
q ≤ Ce
−Rαq(λαq )
q.
With
λq ≤
‖Dφp‖
2
q
(Dφp, φp)
=
(
λαq
)−1
‖Dφp‖
2
q ≤
(
λαq
)−1
‖ρ−αDφp‖
2
q = λ
α
q ,
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we then get∫
BR
|Dφp|
qdvolg =
∫
M
|Dφp|
qdvolg −
∫
M\BR
|Dφp|
qdvolg
≥ (λαq λq)
q
2 − Ce−Rαq(λαq )
q
and ,thus,
lim sup
q→qcrit
∫
BR
|Dφp|
qdvolg ≥ (λ
α
qcrit
lim sup
q→qcrit
λq)
qcrit
2 − Ce−Rαqcrit(λαqcrit)
qcrit =: a
From Lemma 11 we know that lim supq→qcrit λq > 0. Thus, R = R(α) can be
chosen big enough, that a > 0. But with
∫
BR
|Dφp|
qdvolg ≤
(∫
BR
|Dφp|
qcritdvolg
) q
qcrit
vol(BR, g)
1− q
qcrit
this contradicts the assumption that φp goes to zero on compact subsets. Thus,
φα 6= 0 and we obtain with
0 < λαqcrit ≤
‖Dφα‖
2
qcrit
(Dφα, φα)
≤ λαqcrit‖ρ
αφα‖
2−qcrit
pcrit
in the usual way that ‖ραφα‖pcrit = 1 and Dφα = λ
α
qcrit
ραpcrit |φα|
pcrit−2φα.
Lastly, we get rid of the weight as α→ 0.
Lemma 15. Assume there is a sequence of smooth and positive spinors φα ∈
H
qcrit
1 fulfilling Dφα = λ
α
qcrit
ραpcrit |φα|
pcrit−2φα with ‖ρ
αφα‖pcrit = 1 and
α > 0. Then, φα → φ as α → 0 in C
1 on each compact subset and Dφ ≤
λ+min|φ|
pcrit−2φ.
If additionally λ+min(M) > λ
+
min(M) > 0, then ‖φ‖pcrit = 1.
Proof. The first claim is proven as in Lemma 14 and we obtain that φα → φ as
α→ 0 in C1 on each compact subset with Dφ ≤ λ+min|φ|
p−2φ.
Let now λ+min(M) > λ
+
min(M). We need to show that ‖φ‖pcrit = 1.
Assume that φα converges to 0:
We introduce a smooth cut-off function ηR ≤ 1 with support in M \ BR(z) for
the fixed z ∈M , ηR ≡ 1 on M \B2R. Then,∣∣∣∣∣
∫
M\BR
|D(ηRφα)|
qcritdvolg −
∫
M\BR
|Dφα|
qcritdvolg
∣∣∣∣∣→ 0 for α→ 0
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since φα → 0 in C
1 on each compact set. Hence, with (φα, Dφα) = λ
α
qcrit
we get
λ+min(M)
2 = lim
α→0
λαqcrit(M)
2 = lim
α→0
‖ρ−αDφα‖
2
qcrit
≥ lim
α→0
‖Dφα‖
2
qcrit
= lim
α→0
‖D(ηRφα)‖
2
qcrit
≥ λ+min(M \BR) lim
α→0
∫
M\BR
〈ηRφα, D(ηRφα)〉dvolg
= λ+min(M \BR) lim
α→0
(
(φα, Dφα)−
∫
B2R
(1− η2R)〈φα, Dφα〉dvolg
)
= λ+min(M \BR) lim
α→0
λαqcrit
(
1−
∫
B2R
(1 − η2R)ρ
αpcrit |φα|
pcritdvolg
)
= λ+min(M \BR)λ
+
min(M)
where the first and last equality use Lemma 10.i. Since λ+min > 0, this implies
λ+min(M) ≥ λ
+
min(M \BR) which gives the contradiction.
Thus, ‖φ‖pcrit > 0. With Dφ ≤ λ
+
min|φ|
pcrit−2φ and ‖φ‖pcrit ≤ 1, we obtain
λ+min ≤
‖Dφ‖2pcrit
(φ,Dφ)
≤ λ+min‖φ‖
2
n−1
pcrit ≤ λ
+
min.
The equality implies ‖φ‖pcrit = 1 and Dφ = λ
+
min|φ|
pcrit−2φ.
Combining the Lemmas above, we obtain:
Proof of Theorem 2. Firstly, we note that from λ+min(M) > λ
+
min(M) we obtain
λ+min(S
n) > λ+min(M). Thus, with Lemma 10.i there is an α0 > 0 such that
λ+min(S
n) > λαqcrit(M) for all α ∈ (0, α0). Moreover, Lemma 11 states that
λ+min(M) > 0. Hence, we can combine Lemma 13, 14 and 15 to obtain Theorem
2. The local C1,α-regularity of the solution follows as in the compact case
[2, Sect. 4.4] by the standard backtracking argument and Lp- and Schauder
estimates (cf. Remark 31.iii).
As in the case of the Yamabe invariant [10, Thm. 13], in order to drop the con-
dition on the λ+min-invariant at infinity we can consider homogeneous manifolds
with positive scalar curvature:
Theorem 16. Let (M, g, σ) be a Riemannian spin manifold. Furthermore, we
assume that its Dirac operator has an L[qcrit,qcrit+ǫ]-lower bound for an ǫ > 0,
scal ≥ c > 0 and that there exists a relatively compact set U ⊂⊂ M such that
for all x ∈ M there is an isometry f : M → M with f(x) ∈ U . Then there
is a spinor φ ∈ Hqcrit1 ∩ L
pcrit that is smooth outside its zero set and fulfills
Dφ = λ+min|φ|
pcrit−2φ and ‖φ‖pcrit = 1. Moreover, φ is locally in C
1,α.
Proof. Due to the isometries, M has bounded geometry. Thus, the Sobolev
embeddings Hq1 → ρ
αLp are compact for q ∈ (qcrit, 2], q conjugate to p and
α > 0. Hence, we can apply Lemma 13 and obtain solutions φα,p ∈ H
q
1 of
Dφα,p = λ
α
q ρ
αp|φα,p|
p−2φp and ‖ρ
αφα,p‖p = 1.
We choose α(p) such that λ
α(p)
q − λq → 0 and α(p) → 0 as q → qcrit. Due to
Lemma 10.i this is always possible. In the following, we abbreviate α = α(p).
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As in the proof of Lemma 14 we obtain that a subsequence of φp := φα(p),p
converges to φ in C1-topology.
Lemma 33 shows that every |φp| has a maximum. Due to the isometries we can
assume that max |φp| = |φp(xp)| where xp ∈ U . Then, we have
D2φp = (λ
α
q )
2ρ2αp|φp|
2(p−2)φp + λ
α
q d(ρ
αp|φα,p|
p−2) · φp.
Taking the real part of the scalar product with φp we obtain using 〈df ·φ, φ〉 ∈ iR:
(λαq )
2ρ2αp|φp|
2(p−1) = Re〈D2φp, φp〉 = Re〈φp,∆φp〉+
scal
4
|φp|
2.
With − 12∆|φp|
2 + 〈φp,∆φp〉 = |∆φp|
2 and ∆|φp(xp)|
2 ≥ 0 we get
(λαq )
2ρ2αp(xp)|φp(xp)|
2(p−1) ≥
scal (xp)
4
|φp(xp)|
2 ≥
c
4
|φp(xp)|
2.
Since ρ ≤ 1,
|φp(xp)|
2(p−2) ≥
c
4
(λαq )
−2.
Thus, with limp→pcrit λ
α
q = limp→pcrit λq ≥ λ
+
min and λ
+
min > 0, cf. Lemma 11,
we get
|φ(x)|2(pcrit−2) ≥
c
4
(λ+min)
−2
where x ∈ U is the limit of a convergent subsequence of xp. Hence, ‖φ‖pcrit > 0
and, thus, as in Lemma 15 we have Dφ = λ+min|φ|
pcrit−2φ with ‖φ‖pcrit = 1.
Local C1,α-regularity follows as in Theorem 2.
Example 17. Let M = Sn × R for n ≥ 2 be equipped with the standard
product structure and its unique spin structure. Then, M is homogenous and
has positive scalar curvature. In order to apply Theorem 16 one has to show
that M has an L[qcrit,qcrit+ǫ]-lower bound for a small ǫ > 0. Assume that M
has an Lq-harmonic spinor φ for q ∈ [qcrit, qcrit + ǫ] then due to the Sobolev
embedding gives that φ is already an L2-harmonic spinor which cannot happen
sinceM has positive scalar curvature. Thus, it remains to consider the essential
Lq-spectrum. It can be checked that the Dirac operator in this example is Lq
invertible for all q and, thus, a minimizing solution is obtained.
In the remark below we want to examine open manifold which are spin confor-
mally compactifiable by codimension greater or equal two. We want to study
how the solutions on the manifold and its compactification are related.
Remark 18. Let (M, g, σ) be an open connected Riemannian spin manifold
that is spin conformally compactifiable to a closed Riemannian spin manifold
(N, h, ξ), i.e. there a conformal embedding f : M → N that is compatible with
the spin structures. Assume that S := N \ f(M) is a compact submanifold of
N of codimension ≥ 2. Then, λ+min(N) = λ
+
min(M) =: λ (see [11, Lem. 2.1] for
codimension > 2 and [9, Lem. 3.1.1]). On N the Euler-Lagrange equation has
at least one solution φ ∈ Hqcrit1 of
Dφ = λ|φ|pcrit−2φ ‖φ‖pcrit = 1
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that is C1,α and smooth outside its zero set. Since the Euler-Langrange equation
including the Lpcrit -condition is conformally invariant, each solution φ on N
gives a solution f∗(φ|f(M)) on M .
On the other hand, let ψ be a solution on N . Then, φ = f∗(ψ) is a solution on
f(M) just by conformal invariance. Due to [4, Thm. 3.1] we can remove the
singularity in S and φ fulfills the Euler-Lagrange equation on M . This showed
that we have a one-to-one of solutions on M and such on N .
4 Conformal Hijazi inequality
On closed manifolds, the Hijazi inequality gives an estimate for eigenvalues of
the Dirac operator in terms of the lowest eigenvalue of the conformal Laplacian
L = 4n−1
n−2∆+ scal :
Theorem 19. [12] Let (Mn, g, σ) be a closed spin manifold of dimension n.
Let further λ be an eigenvalue of the Dirac operator and µ the lowest eigenvalue
of L. Then
λ2 ≥
n
4(n− 1)
µ.
The conformal Laplacian is highly related to the Yamabe invariantQ: For closed
manifolds with Q ≥ 0 we have
Q(M, g) = inf
g∈[g]
µ(g)vol(M, g)
2
n ,
where [g] denotes the conformal class of g. An analogous result holds for λ+min
on closed manifolds [1, Prop. 2.6]:
λ+min(M, g, σ) = inf
g∈[g]
λ+1 (g)vol(M, g)
1
n ,
where λ+1 (g) is the first positive eigenvalue of the Dirac operator w.r.t. the
metric g. Thus, there is a conformal version of the Hijazi inequality on closed
manifolds:
λ+min(M, g, σ)
2 ≥
n
4(n− 1)
Q(M, g).
Note that only the left side of the inequality depends on the spin structure.
In [8], we examined whether the Hijazi inequality on complete open manifolds
holds when one replaces the eigenvalues by elements of the corresponding spec-
tra. There we saw that for general open manifolds there is no hope for an Hijazi
inequality, the standard hyperbolic space gives a counterexample [9, Rem. 4.2.1.]
since µ(Hn) = (n−1)
2
4 > 0 but λ
+
1 (H
n) = 0. That is why we restricted in [8] to
complete manifolds of finite volume in order to obtain an Hijazi inequality on
those manifolds.
But the conformal Hijazi inequality is e.g. also valid for the hyperbolic space
since Q(Hn) = Q(Sn) and λ+min(H
n) = λ+min(S
n) since Hn is conformally equiv-
alent to a subset of the standard sphere. Thus, there is hope for the conformal
Hijazi inequality to hold more generally.
Below we will show that if there is a solution of the Euler-Lagrange equation,
the conformal version of the Hijazi inequality holds:
11
Theorem 20. Let (M, g, σ) be a complete n-dimensional Riemannian spin man-
ifold with n ≥ 3. Moreover, assume that there exists a spinor φ ∈ Hq1 (M,S) ∩
Lp(M,S), smooth outside its zero set, with p = 2n
n−1 and q conjugate to p such
that it is a weak solution of Dφ = λ|φ|p−2φ and ‖φ‖p = 1. Then,
λ2 ≥
n
4(n− 1)
Q.
In particular, if φ ∈ kerLpD ∩H
q
1 , then Q ≤ 0.
Proof. We define α = n−2
n−1 . We note that due to the unique continuation prop-
erty of the Dirac operator the zero set of φ has zero n-dimensional volume.
Q
4
(∫
M
|φ|α
2n
n−2dvolg
)n−2
2
−
n− 1
n
λ2
∫
M
|φ|pdvolg
≤
1
4
∫
M
|φ|αL|φ|αdvolg −
n− 1
n
λ2
∫
M
|φ|2(p−2)|φ|2αdvolg
≤
∫
M
|φ|2α−2
(
n
n− 1
|d|φ||2 +
1
2
d∗d|φ|2
+
(
scal
4
−
n− 1
n
λ2|φ|2(p−2)
)
|φ|2
)
dvolg
Using 12d
∗d|φ|2 = 〈D2φ, φ〉 − scal4 |φ|
2 − |∇φ|2 and |∇φ|2 = |∇fφ|2 + 2 f
n
〈(D −
f)φ, φ〉+ f
2
n
|φ|2 with f = λ|φ|2(p−2), we obtain
Q
4
−
n− 1
n
λ2 ≤
∫
M
|φ|2α−2
(
n
n− 1
|d|φ||2 − |∇fφ|2 + 〈(D2 − f2)φ, φ〉
)
dvolg
=
∫
M
|φ|2α−2
(
n
n− 1
|d|φ||2 − |∇λ|φ|
p−2
φ|2
)
dvolg ≤ 0
where we used the refined Kato inequality [5, (3.9)].
These estimates imply that
∫
M
|φ|αL|φ|αdvolg <∞.
Theorem 5 is now just a combination of the Theorems 2, 16 and 20.
A Sobolev embeddings
Let E be a hermitian vector bundle on a Riemannian manifold (M, g) with
connection ∇. Denote by Γc(E) the compactly supported smooth sections of E.
Define for u ∈ Γc(E)
‖u |Hps (E)‖
p =
s∑
j=0
∫
M
| ∇ · · ·∇︸ ︷︷ ︸
j times
u|pdvolg (3)
and Hps (E) as the completion of Γc(E) with respect to this norm.
On closed manifolds Mn, the Sobolev spaces do not depend on the metric on
M and the connection on E. Sobolev embeddings on hermitian vector bun-
dles can then be examined by the following procedure: One uses the known
12
Sobolev embeddings for complex-valued functions on Rn and generalize them
to Cr-valued functions on Rn. This generalization follows immediately since
‖f = (f1, . . . , fr)
T |Hps (R
n,Cr)‖ ∼
∑r
i=0 ‖fi |H
p
s (R
n)‖, cf. Lemma 26. Then,
one uses a finite covering of M with a corresponding trivialization of E to get
a Sobolev embedding for E.
On open manifolds, in general there is a dependence on both the metric and the
connection. We will concentrate on bundles of bounded geometry, i.e. the man-
ifold itself is of bounded geometry and the curvature of E and all its derivatives
are bounded as well.
In [15], continuity and compactness for weighted Sobolev embeddings were stud-
ied for Sobolev spaces of real valued functions. We will need the same result
for Sobolev spaces of bundles, especially the compactness of the embedding
H
q
1 (M,S) →֒ ρL
p(M,S) on spinors for q and p conjugate, ρ a radial weight (see
A.1) and 2 ≤ p < pcrit =
2n
n−1 . In this Appendix, we want to use the result from
Skrzypczak [15] to obtain the following theorem (or more generally a bundle
version of Theorem 24):
Theorem 21. Let (M, g) be an n-dimensional manifold with an hermitian vec-
tor bundle E of bounded geometry (e.g. if M is a spin manifold, let E be
the corresponding spinor bundle). Let ρ be a radial weight with ρ → 0 as
|x| → ∞. Then the Sobolev embedding Hq1 (E) →֒ L
p(E) is continuous and
H
q
1 (E) →֒ ρL
p(E) is compact for all 2 ≤ p < pcrit =
2n
n−1 and
1
n
and 1
n
> 1
q
− 1
p
.
If one is just interested in continuous embedding, it is much easier to carry
over the local results to manifolds of bounded geometry by chosing a suitable
covering as it is indicated in Corollary 32.
A.1 Weighted function spaces
Definition 22. [15, Def. 2+4] A function w : Mn → (0.∞) is called an
admissible weight if
i) w is infinitely differentiable and
ii) the quantities
Cw := sup
x∈M
sup
y∈B1(x)
w(y)
w(x)
, cw,k := sup
x∈M
|∇kw(x)|
w(x)
are finite for all k ∈ N0.
If additionally there is a positive function κ : [0,∞) → (0,∞) and a point
x0 ∈M such that w(x) ∼ κ(dist(x0, x)), the weight is called radial w.r.t. x0.
Remark 23.
i) The equivalence relation a ∼ b means that there exists a constant c that is
independent on the context dependent relevant parameters such that c−1a ≤
b ≤ ca.
ii) An example of a radial weight is given by w(x) = eαr˜ with α ∈ R and
r˜ ∼ r = dist(x, x0) is a smooth substitute for the distance function [14, Lem.
2.1].
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The weighted spaces Lp(E,w) = wLp(E) are simply defined as completion of
Γc(E) by the quasi-norm ‖φ |L
p(E,w)‖ := ‖wφ |Lp(E)‖. Analog definitions
give weighted Hsp -spaces and weighted Besov spaces B
s
pq. For the definition of
(unweighted) Besov spaces see [18, Chap. 2] or Def. 25 and Section A.3.
For Sobolev embeddings of spaces of scalar-valued functions, there is the follow-
ing result of Skrzypczak:
Theorem 24. [15, Thm. 2 + Cor. 2] Let 1 ≤ p1, p2, q1, q2 ≤ ∞ and s1, s2 ∈ R.
Let w(x) = v(|x|) be a radial admissible weight on Mn.
i) Then, the embedding Bs1p1,q1(M
n, w) →֒ Bs2p2,q2(M
n) holds if and only if
∞∑
m=1
v(m)−p∗a(m) if p∗ <∞ or sup
m
v(m)−1 <∞ if p∗ =∞ (4)
and
s1 − s2 − n
(
1
p1
−
1
p2
){
≥ n
p∗ if q∗ =∞
> n
p∗ if q∗ <∞
(5)
where 1
p∗ :=
(
1
p1
− 1
p2
)
+
and 1
q∗ :=
(
1
q1
− 1
q2
)
+
with a+ =
{
0 for a ≤ 0
a for a > 0
.
ii) The embeddings Bs1p1,q1(M
n, w) →֒ Bs2p2,q2(M
n) and Hs1p1 (M,w) →֒ H
s2
p2
(M)
are compact if and only if (4), (5),
s1 − s2 − n
(
1
p1
−
1
p2
)
>
n
p∗
if q∗ =∞
and
lim
m→∞
v(m) =∞ if p∗ =∞
hold.
Strategy of proof.
1. Define a wavelet frame {ψi} on M .
2. Define weighted sequence spaces bsp,q(M,ρ) such that the map
Bsp,q(M,ρ)→ b
s
p,q(M,ρ), f 7→ {λi = 〈f, ψi〉}
is an homeomorphism. Thus, it is sufficient to prove continuity and com-
pactness on the level of the sequence spaces, where corresponding results
are known.
Theorem 24 also holds for a vector bundle E of bounded geometry. With some
few adaptions which will be discussed in the following the proof can be simply
overtaken.
For that we firstly consider trivial Cr-bundles over Rn, see Section A.2, where
we trace back the (quasi-)norms of function spaces of vector-valued functions
to the ones of scalar-valued functions. Next, we give the definition of a wavelet
frame on spaces of manifolds of bounded geometry, see Sect. A.3. Then, we
will see that the appearing weighted sequences spaces differ from the ones in
the scalar-valued case just by a finite summation that does not affect the old
proof.
14
A.2 Function spaces on Rn with values in a trivial hermi-
tian bundle
We start with the case where E is a trivial Cr-bundle over the Euclidean space
Rn.
Let the Schwarz space of all complex-valued rapidly decreasing, infinitely dif-
ferentiable functions on Rn be denoted by S(Rn). If φ ∈ S(Rn,Cr), i.e. φ =
(φ1, . . . , φr)
T with φi ∈ S(R
n), then we denote the Fourier transform by
φˆ(ξ) = (Fφ)(ξ) = (2π)−
n
2
(∫
Rn
e−iξxφi(x)dx
)T
, ξ ∈ Rn.
The inverse Fourier transform will be denoted by F−1φ or φˇ.
Moreover, let αj be a dyadic resolution of unity defined by: α0 ∈ S(R
n) with
α0(x) = 1 if |x| ≤ 1 and α0(x) = 0 if |x| ≥
3
2 . Let α1(x) = α0(
x
2 ) − α0(x)
and αk(x) = α1(2
−k+1x) for x ∈ Rn and k ∈ N. α0 is chosen such that∑∞
j=0 αj(x) = 1 on R
n.
Definition 25. [17, Sect. 2.3.1] Let s ∈ R and 0 < q ≤ ∞.
Let 0 < p ≤ ∞. The Besov space Bspq(R
n,Cr) is the collection of all f ∈ S′(Rn)
such that the norm
‖φ|Bspq(R
n,Cr)‖ =

 ∞∑
j=0
2jsq‖(αj φˆ)ˇ | L
p(Rn,Cr)‖q


1
q
is finite.
For q =∞, we set ‖φ | Bsp∞(R
n,Cr)‖ = supj 2
sj‖(αjφˆ)ˇ | L
p(Rn,Cr)‖.
The goal is to trace back everything to the (quasi-)norms of complex-valued
functions:
Lemma 26.
i) Let f = (f1, . . . , fr)
T ∈ Lp(Rn,Cr, w). Then,
‖f |Lp(Rn,Cr, w)‖ ∼
r∑
i=1
‖fi |L
p(Rn, w)‖.
ii) ‖φ | Bspq(R
n,Cr, w)‖ ∼
∑r
i=1 ‖φi |B
s
pq(R
n, w)‖
Proof. i) We abbreviate both Lp-quasi-norms with ‖.‖. Whether we mean the
complex vector valued or just the complex valued function will be clear from
the context. From ‖f‖ = ‖(
∑
|fi|
2)
1
2 ‖ we obtain with∑
i
‖fi‖ ≤ r‖
∑
i
|fi| ‖ ≤ r
3
2 ‖(
∑
i
|fi|
2)
1
2 ‖ ≤ r
3
2 ‖
∑
i
|fi| ‖ ≤ r
3
2K
∑
i
‖fi‖
the equivalence. Here, the first inequality is obtained from ‖fi‖ ≤ ‖
∑
i |fi| ‖
for each i, the second is the Cauchy-Schwarz-inequality, the third is obtained
by
∑
|fi|
2 ≤ (
∑
|fi|)
2 and the fourth is the triangle inequality for a quasi-norm
with constant K > 1.
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ii) As in i) and due to the unconditional convergence, we get
‖φ | Bspq(R
n,Cr, w)‖ =

 ∞∑
j=0
2jsq
r∑
i=0
‖(αj φˆi)ˇ | L
p(Rn,Cr, w)‖q


1
q
∼
r∑
i=1

 ∞∑
j=0
2jsq‖(αj φˆi)ˇ | L
p(Rn, w)‖q


1
q
=
r∑
i=0
‖φi |B
s
pq(R
n, w)‖.
Thus, the following properties carry over to vector-valued functions:
Remark 27.
i) The Besov spaces are independent of the dyadic resolution of unity αj [18,
Sect. 2.3.2].
ii) If the Bspq-quasi-norm from above is finite, the sum converges unconditionally
[19, Thm. 1.19].
A.3 Spaces on manifolds of bounded geometry
Let (Mn, g) be a Riemannian manifold of bounded geometry with hermitian
vector bundle E of bounded curvature. We choose a synchronous trivialization
of E, i.e. on a ball of radius ǫ > 0 around p we choose normal coordinates
(x1, . . . , xn), trivialize E via parallel transport along radial geodesics and iden-
tify E with Cr.
Lemma 28. [2, Lem. 3.1.6] In the synchronous trivialization described above
the following estimates hold for any ǫ smaller than a certain ǫ0 = ǫ0(K :=
max(|R|, |RE|), n, inj) and for all q ∈ Bǫ(p):
|Γkij(q)| ≤ C(n)Kǫ
|(∇kφ)(q) − (∂kφ)(q)| ≤ C(n, r)Kǫ|φ(q)|
Denote by {Uα, ξα} an open cover of M with synchronous trivializations ξα and
let {κα} be a smooth subordinated partition of unity. For simplicity, we assume
that the injectivity radius is greater than 1 and Uα = B1(xα).
Then, we define
‖φ‖∗Hps (E) :=
∑
α
‖ξα∗(καφ)‖Hps (Rn, Cr)
where ‖..‖Hps (Rn, Cr) is defined in (3).
Analogously, we obtain the norms for Bspq(E) and F
s
pq(E) in terms of the cor-
responding spaces on the trivial Cr-bundle on Rn.
Remark 29. From Lemma 28, we see that the norms ‖.‖∗
H
p
s (E)
and ‖.‖Hps (E)
are equivalent.
To obtain Theorem 24 on E, we can now just follow the lines of the original
proof:
Let E be trivialized as above. Over a coordinate chart we can assume the
bundle be trivial, see Remark 29. From an orthonormal basis ψi in L
2(Rn)
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we get an orthonormal basis in L2(Rn,Cr) as ψi,k = (0, . . . , 0, ψi, 0, . . . , .., 0)
for k = 1, . . . , r. Thus, we obtain a wavelet frame Ψik by requiring that for
all f ∈ L2(E) it is 〈f,Ψikα〉 = 〈ξα∗(καφ ◦ expxα), ψik〉, where 〈, 〉 denote the
corresponding L2-products. Then,
‖f |L2(E)‖ ∼
r∑
k=1

∑
i,α
|〈f, ψikα〉|
2


1
2
.
Analogously, as in [15, Thm.1] we obtain an equivalent norm for the weighted
Besov spaces in terms of the weighted L2-products 〈f,Ψikα〉w(xα) where xα
is the center of Uα. The only difference to the case of scalar-valued functions
is always the finite summation over k which does not affect continuity and
compactness. Thus, the proof of [15] simply carries over.
Thus, Theorem 24 also holds the corresponding spaces on vector bundles of
bounded geometry and Theorem 21 is then just a special case.
A.4 Spin manifolds of bounded geometry
In this section, we will just note some specialties about Sobolev spaces on spinors
needed in this article.
For that, let (Mn, g, σ) be a Riemannian spin manifold. Choose E = Sg the
corresponding spinor bundle and let D = Dg be the associated Dirac operator.
Remark 30. If M has bounded geometry, E = Sg also does and from [2, Sect.
3.1.3] we see that
‖φ |Hps (M,S)‖
p ∼
s∑
j=0
∫
M
|D · · ·D︸ ︷︷ ︸
j times
u|pdvolg.
Remark 31. Let (M, g, σ) be a spin manifold with bounded geometry.
i) (Inner Lp-estimate, [7, proof of Thm. 8.8 ], spin version [2, proof of Thm.
3.2.1 and 3.2.3]) Let φ ∈ Hq1,loc be a solution of Dφ = ψ for ψ ∈ L
q
loc. Then,
for ǫ > 0 (smaller than the injectivity radius) there exists a constant Cǫ(q) such
that for all x ∈M
‖φ‖Hq1 (Bǫ(x)) ≤ Cǫ(q)(‖φ‖Lq(Bǫ(x)) + ‖ψ‖Lq(Bǫ(x)))
ii) (Imbedding) Let n < q and 0 ≤ γ ≤ 1− n
q
. From a spin version of the proof
of [7, Sect. 7.8 (Thm 7.26)] we have that for ǫ < inj(M) there exists a constant
C such that for all x ∈M Hq1 (Bǫ(x)) is continuously embedded in C
0,γ(Bǫ(x)).
iii) (Schauder estimates) Analogoulsy we have a constant C(ǫ, δ) > 0 such that
for α > 0, ψ ∈ C0,αloc with Dφ = ψ it holds for all x ∈M
‖φ‖C1,α(Bǫ(x)) ≤ C(‖φ‖C0(Bǫ+δ(x)) + ‖ψ‖C0,α(Bǫ+δ(x)).
Corollary 32. The inner Lp-estimates and the imbedding of Remark 31 hold
globally on manifold of bounded geometry, i.e. i) There is a constant C > 0
such that for φ ∈ Hq2 and ψ ∈ L
q with Dφ = ψ it holds
‖φ‖Hq2 ≤ C(‖φ‖Lq + ‖ψ‖Lq).
ii) Let n < q and 0 ≤ γ ≤ 1 − n
q
. There exists a constant C such that Hq1 is
continuously embedded in C0,γ .
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Proof. The proof is done analogously as in [10, Cor. 21] by choosing a countable
covering of M by geodesic balls Bi all of radius ǫ < inj(M). Moreover, the
covering is chosen such that it is of (finite) multiplicity m, i.e. the maximal
number of subsets with nonempty intersection is m, cf. [15, Sect. 2.1].
Lemma 33. Let φ ∈ Hq1 be a solution of Dφ = cρ
αp|φ|p−2φ with ‖ραφ‖p = 1
for p < pcrit. Then, lim sup|x|→∞ |φ(x)| = 0, in particular |φ| has a maximum.
The proof is done simultaneously to the corresponding result for the conformal
Laplacian [10, Lem. 22].
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